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The Chow group of zero-yles on ertain
Chaˆtelet surfaes over loal elds
Supriya Pisolkar
1 Introdution
Let K be a nite extension of Qp (p prime). By a Chaˆtelet surfae X over K we
mean a smooth projetive surfae K-birational to a surfae given by the equation:
y2 − dz2 = f(x) (1)
where f(x) is a moni ubi polynomial in x with oeients in K. Our main aim
is to ompute the Chow group A0(X)0 of 0-yles of degree zero modulo rational
equivalene on suh surfaes. The ase where f(x) splits into three linear fators
has been onsidered in [8℄ and [9℄. In this paper we onsider the remaining ases,
in whih f(x) is either irreduible or of the form x(x2 − e), where e ∈ K∗ is not
a square.
If d ∈ K∗2, then the Chaˆtelet surfae dened by the equation y2−dz2 = x(x2−e)
is K-birational to P2K. In fat, in this ase the funtion eld of this surfae is
K(x, u), where u = y +
√
dz. By ([2℄, Prop. 6.1), A0(P
2
K)0 = 0. Sine A0(X)0 is
a birational invariant of a smooth projetive geometrially integral surfae ([2℄,
Prop. 6.3), we get that A0(X)0 is zero. Thus, we may assume that d /∈ K∗2.
The main results of this paper are as follows.
Theorem 1.1. Let X be a Châtelet surfae given by the equation y2 − dz2 =
x(x2−e). Let L = K(√d) and E = K(√e). If L and E are isomorphi extensions
of K, then A0(X)0 = {0}.
Theorem 1.2. Suppose that p 6= 2. Assume that the quadrati extensions L =
K(
√
d) and E = K(
√
e) are not isomorphi. Then A0(X)0 is isomorphi to Z/2Z.
Theorem 1.3. Suppose that K = Q2. Assume that L = K(
√
d) and E = K(
√
e)
are non-isomorphi quadrati extensions of K.
(1) Supppose that L/K is unramied. Then the group A0(X)0 is isomorphi to
1
(i) {0} if υK(e) ≡ 0 (mod 4).
(ii) Z/2Z if υK(e) 6≡ 0 (mod 4).
(2) Suppose that L/K is a ramied extension. Then A0(X)0 is isomorphi to
Z/2Z.
Theorem 1.4. Let X be a Châtelet surfae K-birational to y2−dz2 = f(x) where
f(x) is an irreduible moni ubi polynomial in x with oeients in K. Then
A0(X)0 = {0}
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2 The method of omputation
Let X = Xd,e denote the Châtelet surfae orresponding to the equation
y2 − dz2 = x(x2 − e)
Let pi be a uniformiser of K. The hange of variables x = pi2x′, y = pi3y′,
z = pi3z′ gives us
Xd,e′ : y
′2 − dz′2 = x′(x′2 − e′)
where e′ = pi−4e. Thus it is enough to onsider the ases vK(e) = 0, 1, 2, 3.
Moreover, using yet another transformation z 7→ λz for a suitable λ ∈ K∗, it is
lear that we need only to onsider the ases vK(d) = 0, 1.
Let CH0(X) = Chow group of zero yles on X modulo rational equivalene.
A0(X)0 = Ker (CH0(X)
deg−→ Z).
We now desribe a method due to Colliot-Thélène and Sansu [4℄ whih redues
the alulation of A0(X)0 to a purely number-theoreti question.
The surfae X omes equipped with a morphism f : X → P1 whose bres are
onis. We denote by O the singular point of the bre above∞. By ([2℄ Théore`me
C), the map
γ : X(K)→ A0(X)0, γ(Q) = Q−O,
is surjetive. We also have a natural injetion (see [4℄)
φ : A0(X)0 → H1(K, S(K)
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where K is an algebrai losure of K and S is the K-torus whose harater group
is the Gal(K/K)-module Pi(X) where X = X ×K K. Thus with the following
indentiations (see [4℄)
H1(K, S(K))→ K∗/NL/KL∗ × E∗/NLE/ELE∗ → (Z/2Z)2
the alulation of A0(X)0 redues to omputing the image of the omposite map
X(K)→ A0(X)0 → H1(K, S(K))
∼=→ (Z/2Z)2.
As all the points in the same bre of the map f : X(K) → P1(K) are mutually
equivalent 0-yles, what we have to ompute is the image of the indued map
χ : f(X(K))→ (Z/2Z)2. The subset f(X(K)) ⊂ P1(K) is learly equal to,
M = {x ∈ K∗|x(x2 − e) ∈ NL/KL∗} ∪ {0}.
The exat desription of the map χ : M→ (Z/2Z)2 is given by (see [2℄, [14℄ )
χ(x) =
{
(x , (x−√e)−) if x 6= 0
(−e , (−√e)−) if x = 0,
where the bar denotes the image in K∗/NL/KL
∗
and E∗/NLE/ELE
∗
respetively,
both these quotients being identied with Z/2Z. By using this map χ we will
now prove Theorem 1.1.
Proof of Theorem 1.1. By the above method, to show that A0(X)0 = {0}, it is
enough to show that χ(M) = {0}. As L and E are isomorphi, the extension
LE/E is trivial. Thus the group E∗/NLE/ELE
∗
is trivial. Therefore for any x ∈ M
we get χ(x) = (x, 0). Sine NL/KL
∗ = NE/KE
∗
, −e ∈ NL/KL∗. Thus χ(0) = (0, 0).
Now let x ∈ M\{0}. Note that x2 − e ∈ NE/KE∗ = NL/KL∗. This, together with
the fat that x(x2 − e) ∈ NL/KL∗, implies that x ∈ NL/KL∗ and χ(x) = (0, 0).
Before proving Theorem 1.2 we observe that χ(M) is ontained in the diagonal
subgroup of (Z/2Z)2 when L and E are non-isomorphi.
Lemma 2.1. Let L/K = K(
√
d) and E/K = K(
√
e) be non-isomorphi quadrati
extensions. Then χ(M) is ontained in the diagonal subgroup of Z/2Z× Z/2Z.
In partiular, A0(X)0 is either {0} or Z/2Z.
Proof. By lass eld theory (see [16℄, p. 212) we have the ommutative diagram
E∗/NLE/ELE
∗
NE/K
//
rec

K∗/NL/KL
∗
rec

Gal(LE/E)
∼=
// Gal(L/K)
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where the vertial maps are isomorphisms. The map Gal(LE/E) → Gal(L/K)
is an ismorphism sine L and E are linearly disjoint. Thus E∗/NLE/ELE
∗ →
K∗/NL/KL
∗
is an isomorphism, i.e. an element t ∈ E∗ belongs to NLE/ELE∗ if and
only if NE/K(t) belongs to NL/KL
∗
. Therefore, for any x ∈ M\{0}, x ∈ NL/KL∗
if and only if x − √e ∈ NLE/ELE∗. Thus χ(x) = (0, 0) or (1, 1). Similarly,
χ(0) = (−e,−√e) = (0, 0) or (1, 1) depending upon whether −e ∈ NL/KL∗ or
−e 6∈ NL/KL∗. This shows that χ(M) is ontained in the diagonal subgroup of
Z/2Z× Z/2Z.
Corollary 2.2. The group A0(X)0 ∼= Z/2Z if and only if at least one of the
following ondition holds.
(i) − e 6∈ NL/KL∗.
(ii) There exists x ∈ K∗, suh that x /∈ NL/KL∗ and x2 − e /∈ NL/KL∗.
3 Proof of Theorem 1.2
In this setion we prove Theorem 1.2. Throughout this setion let p denote an
odd prime and let K denote a nite extension of Qp.
Lemma 3.1. Let F/K be a quadrati extension of K.
(i) If F/K is unramied, then an element x ∈ K∗ belongs to NF/KF∗ if and
only if vK(x) is even.
(ii) If F/K is ramied, piF is a uniformiser of F and piK = NF/K(piF), then
x ∈ K∗ belongs to NF/KF∗ if and only if x/pivK(x)K is a square.
Proof. (i) It is easy to see that NF/KF
∗
is ontained in the subgroup of elements
of even valuation. Sine both these subgroups are of index two in K∗, they are
equal.
(ii) Let N′ be the subgroup of all elements x ∈ K∗ suh that x/pivK(x)K is a square.
Using the fat that piK belongs to NF/KF
∗
, it is lear that we have N′ ⊂ NF/KF∗.
Sine N′ and NF/KF
∗
are index-two subgroups of K∗, they must be equal.
Lemma 3.2. Let K be a nite extension of Qp where p is an odd prime. Suppose
that e ∈ K∗ is not a square. Then E = K(√e) is a ramied extension of K if
and only if vK(e) is odd.
Proof. If vK(e) is odd, then we make the redution to the ase where vK(e) = 1
by multplying e by a square. It is lear that E is ramied when vK(e) = 1. Now
suppose vK(e) is even. We may assume that e is a unit by modifying e by a
4
square. Sine p is odd, the polynomial T 2 − e is separable over the residue eld,
and hene irreduible in the residue eld. Thus E/K is unramied in this ase.
Proof of Theorem 1.2. We split the proof into following two ases. To show that
A0(X)0 is isomorphi to Z/2Z, by lemma 2.1, it sues to show that there exists
an x ∈ M suh that χ(x) = (1, 1) in eah of these ases.
Case (1) : E is unramied over K.
In this ase L/K, being non-isomorphi to E/K, is a ramied extension. If
−e /∈ NL/KL∗ then χ(0) = (1, 1) and we are done. Suppose that −e ∈ NL/KL∗.
Let us rst show that e /∈ NL/KL∗. Indeed, as E = K(
√
e) is the unramied
quadrati extension, vK(e) is even by Lemma 3.2 and the unit epi
−vK(e)
is not a
square for any uniformiser pi of K. Lemma 3.1(ii) now implies that e /∈ NL/KL∗.
Hene −1 6∈ NL/KL∗; in partiular, −1 is not a square.
Write −1 = x2 − ey2 for some x, y ∈ K. This is possible beause −1 ∈ NE/KE∗
by Lemma 3.1(i). Clearly x 6= 0 and y 6= 0, beause neither −1 nor e is a square.
Put α = x/y. Replaing α by −α if neessary, we may assume that α 6∈ NL/KL∗.
Moreover, α2− e /∈ NL/KL∗ beause α2− e = −1/y2 and −1 /∈ NL/KL∗. It follows
that α(α2 − e) ∈ NL/KL∗. Thus α ∈ M and as χ(α) = (1, 1) we are done.
Case (2) : E is ramied over K.
We will show that χ(0) = (1, 1). As E/K and L/K are quadrati extensions,
by loal lass eld theory, their norm subgroups NE/KE
∗
and NL/KL
∗
are two
index-two subgroups of K∗. These two subgroups are not equal as E and L
are not isomorphi. Then, their intersetion must be an index-four subgroup of
K∗. Sine (K∗)2 ⊂ NE/KE∗ ∩ NL/KL∗ is also an index four subgroup of K∗, we
get (K∗)2 = NE/KE
∗ ∩NL/KL∗. We know that −e = NE/K(
√
e) ∈ NE/KE∗. If
−e ∈ NL/KL∗ then −e would be a square. This ontradits the fat (by Lemma
3.2) that vK(e) = vK(−e) is odd. Thus −e 6∈ NL/KL∗ and χ(0) = (1, 1).
4 Preliminaries on Hilbert symbols
In this setion we review the notion of Hilbert symbol as given in [15℄.
Let K be a eld. Let a, b ∈ K∗. We put (a, b)K = 1 if ax2 + by2 = 1 has a
solution (x, y) ∈ K2 and (a, b)K = −1 otherwise. The number (a, b)K is alled
the Hilbert symbol of a and b relative to the eld K. It an be shown that the
Hilbert symbol has the following properties.
1. (a, b)K = (b, a)K (Symmetry).
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2. (ab, c)K = (a, c)K · (b, c)K (Bilinearity).
3. (a2, b)K = 1.
4. (a, 1− a)K = 1 for a 6= 1.
Thus the Hilbert symbol an be thought of as a symmetri bilinear form on the
F2-vetor spae K
∗/K∗2 with values in the group {1,−1}.
The following proposition gives an equivalent denition of the Hilbert symbol.
Proposition 4.1. ([15℄, p. 19) Let a, b ∈ K∗ and let Kb = K(
√
b). Then (a, b)K =
1 if and only if a ∈ NKb/K(K∗b).
When K = Qp we denote the Hilbert symbol by (a, b)p instead of (a, b)Qp.
We now desribe a formula for alulating the Hilbert symbol when K = Q2. Let
Z∗2 be the group of units of Z2 and U3 = 1 + 8Z2. Let ε, ω : Z
∗
2 −→ Z/2Z be the
homomorphisms given by
ε(z) =
z − 1
2
(mod 2), ω(z) =
z2 − 1
8
(mod 2).
Put a = 2αu,b = 2βv where u and v are units. Then, aording to ([15℄, p. 20),
(a, b)2 = (−1)ε(u)ε(v)+ω(v)α+ω(u)β .
Using the above formula for the 2-adi Hilbert symbol, we prove the following
lemma whih will be used in the proof of Theorem 1.3.
Lemma 4.2. Let K = Q2. Let e, d,L,E be as in Theorem 1.3. Assume that
vK(d) = 1. Then,
(i) If vK(e) = 1, then at least one of the elements −1, 1− e, e does not belong
to NL/KL
∗
(ii) If vK(e) = 3, then at least one of the elements −1, (1 − e/4), e does not
belong to NL/KL
∗
.
Proof. (i) Assume that all three elements −1, 1 − e, e belong to NL/KL∗. Then
by Prop. 4.1, (−1, d)2 = (e, d)2 = (1 − e, d)2 = 1. Let e = 2u and d = 2v where
u, v ∈ Z∗2. We have,
(−1, d)2 = (−1, 2v)2 = (−1, 2)2(−1, v)2 = (−1)ε(v).
As (−1, d)2 = 1 by assumption, we have
ε(v) = 0 and thus v ≡ 1 (mod 4). (2)
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Also,
(1− e, d)2 = (1− 2u, 2v)2 = (−1)ε(1−2u)ε(v)+ω(1−2u)
As ε(v) = 0 and by assumption (1− e, d)2 = 1, we get the following
ω(1− 2u) = 0 and u ≡ 1(mod 4). (3)
Now,
(e, d)2 = (2u, 2v)2 = (−1)ε(u)ε(v)+ω(v)+ω(u)
As ε(v) = 0 and (e, d)2 = 1 by assumption, we get ω(u) = ω(v). Sine both u, v
are ongruent to 1 modulo 4 by (2) and (3), one an hek that u ≡ v(mod 8). As
any element of U3 is a square, we get that u and v dier by a square unit. Thus
the extensions L = Q2(
√
2v) and E = Q2(
√
2u) are isomorphi. This ontradits
the hypothesis that L and E are non-isomorphi extensions of K.
(ii) Sine the proof of this ase is similar to the one above, we only give a sketh.
Assume that all three elements −1, (1 − e/4), e belong to NL/KL∗. Let e = 23u
and d = 2v where u, v ∈ Z∗2. As in (i), using (−1, d)2 = 1 we get ε(v) = 0 and
thus v ≡ 1 mod 4. Similarly (1 − e/4, d)2 = 1 gives ω(1 − 2u) = 1 and thus
u ≡ 1 mod 4. By properties 2. and 3. of the Hilbert symbol mentioned earlier,
we dedue that
(e, d)2 = (2
3u, 2v)2 = (2u, 2v)2
Thus (e, d)2 = 1 gives ω(u) = ω(v) = 1. As in (i), we arrive at a ontradition
by showing that L and E are isomorphi extension of Q2.
5 Some results on ramied quadrati extension
Throughout this setion K will denote a nite extension of Q2. Let L/K be a
ramied quadrati extension. Let k be the residue eld of K. Sine L/K is totally
ramied, k is also the residue eld of L. For i ≥ 0, let Ui,L = {x ∈ UL|vL(1−x) ≥
i}. The subgroups {Ui,L}i≥0 dene a dereasing ltration of UL. Similarly we
dene Ui,K.
Theorem 5.1. ([10℄, III.1.4) Let piL be a uniformiser of L. Let σ be the generator
of Gal(L/K). Then σ(piL)
piL
∈ U1,L. Further, if s is the largest integer suh that
σ(piL)
piL
∈ Us,L, then s is independent of the uniformiser piL.
Thus the integer s dened above depends only on the extension L/K. Therefore
we will denote it by s(L/K).
Theorem 5.2. ([10℄, III.2.3) Let eK be the ramiation index of K over Q2. Then
s(L/K) ≤ 2eK.
Remark 5.3. When K = Q2, K has six ramied quadrati extensions, namely
K(
√−1),K(√−5),K(√±2),K(√±10). For the rst two extensions s = 1 and for
the remaining extensions s = 2.
Theorem 5.4. ([10℄,III.1.5) Let L,K be as above. Assume that k = F2. Let
s = s(L/K). Choose a uniformiser piL of L. Let piK = NL/K(piL). Dene
λi,L : Ui,L → F2 ; λi,L(1 + θpiiL) = θ
Similarly dene λi,K using the uniformiser piK. Then
1. The following diagrams ommute.
Ui,L
λi,L
//
NL/K

F2
Id

if 1 ≤ i < s
Ui,K
λi,K
// F2
Us,L
λs,L
//
NL/K

F2
0

Us,K
λs,K
// F2
Us+2i,L
λs+2i,L
//
NL/K

F2
Id

if i > 0
Us+i,K
λs+i,K
// F2
2. NL/K(Us+i,L) = NL/K(Us+i+1,L) for i > 0, p ∤ i.
3. NL/K(Us+1,L) = Us+1,K.
The following orollary is an easy onsequene of the above theorem. However
part (iii) of the orollary will play an important role in the proof of Theorem 1.3.
Corollary 5.5. With the notation as above, NL/K(Ui,L) ⊂ Ui,K for 1 ≤ i ≤ s+1
. Thus for i ≤ s, we have indued maps
NiL/K :
Ui,L
Ui+1,L
→ Ui,K
Ui+1,K
.
Further,
(i) NiL/K is an isomorphism for 1 ≤ i < s.
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(ii) NsL/K is the zero map.
(iii) γ ∈ Us,K\Us+1,K =⇒ γ /∈ NL/KL∗.
Proof. (1) and (2) are immediate onsequenes of the rst two ommutative dia-
grams in Theorem 5.4 and the fat that Ui+1,L is the kernel of λi,L. Suppose that
γ ∈ Us,K\Us+1,K. This gives that λs,K(γ) 6= 0 and thus the seond ommutative
diagram in 5.4 tells us that γ /∈ NL/K(Us,L). Now we want to show that for i 6= s
and for any x ∈ Ui,L\Ui+1,L, NL/K(x) 6= γ. For i < s this is easy to see by (i)
above. For i > s, 5.4(3) implies that NL/K(x) ∈ Us+1,K. Thus γ 6= NL/K(x).
6 The proof of Theorem 1.3
We rst state the following lemma from [16℄.
Lemma 6.1. ([16℄, p. 212) Let K/Q2 be a nite extension. Let eK be the ram-
iation index of K/Q2. For every n > eK the map Un,K
x 7→x2−→ Un+eK,K is an
isomorphism of Z2-modules.
Now the proof of Theorem 1.3 will oupy the rest of this setion. Heneforth
K = Q2. For simpliity of notation we write Z
∗
2 instead of UQ2, Un instead of
Un,Q2 and v instead of vQ2. For any eld extension F/Q2, we will write N(F
∗)
instead of NF/Q2(F
∗).
Proof of Theorem 1.3. Reall from setion 2 that it is enough to onsider the
ases v(d) = 0, 1 and v(e) = 0, 1, 2 or 3.
(1) L is unramied over Q2.
Case: v(e) = 0 : To show that A0(X)0 is zero, we have to show that χ(x) = 0
for every x ∈ M. If x ∈ M\{0} suh that v(x) > 0 then
v(x2 − e) = min{2v(x), v(e)} = 0.
If x ∈ M\{0} suh that v(x) < 0 then
v(x2 − e) = min{2v(x), v(e)} = 2v(x).
Thus whenever v(x) 6= 0, v(x2 − e) is even and hene by Lemma 3.1, x2 − e ∈
N(L∗). Thus for any x ∈ M\{0} with v(x) 6= 0, χ(x) = (0, 0). If x ∈ M suh that
v(x) = 0 then x ∈ N(L∗) and thus χ(x) = (0, 0). We now laim that χ(0) = (0, 0).
For this we need to show that −e ∈ N(L∗). But this is lear sine v(−e) = 0 and
L is the unramied extension of Q2. This proves 1.3(1)(i).
Now we prove 1.3(1)(ii).
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Case: v(e) = 1 or 3 : Choose x ∈ Q∗2 suh that v(x) is odd and 2v(x) > v(e).
Then by Lemma 3.1, x 6∈ N(L∗) and x2 − e 6∈ N(L∗). Therefore x ∈ M and
χ(x) = (1, 1) i.e A0(X)0 is isomorphi to Z/2Z.
Case: v(e) = 2 : We laim that χ(2) = (1, 1). Let β = e/4. Sine e is not a
square in Q2, β annot be a square and thus β /∈ U3. We now show that β /∈ U2.
Note that, an element α ∈ U2\U3, an be written as α = 5.γ2 for some γ ∈ U1.
Thus, Q2(
√
5) = Q2(
√
α), where Q2(
√
5) is the uramied quadrati extension of
Q2. This implies that β /∈ U2, sine Q2(
√
β) = E is a ramied quadrati extension
of Q2. Thus β ∈ U1\U2 and v(22 − e) = v(22(1 − β)) = 3. By Lemma 3.1(i),
22 − e 6∈ N(L∗) and similarly 2 /∈ N(L∗). Therefore 2 ∈ M and χ(2) = (1, 1) i.e
A0(X)0 is isomorphi to Z/2Z.
The proof of this ase ompletes the proof of the Theorem 1.3(1).
(2) L is ramied over Q2
We rst prove the following lemma whih will be ruially used in the proof.
Lemma 6.2. Suppose that L/Q2 is a ramied extension and either −1 or e does
not belong to NL/KL
∗
. Then A0(X)0 ∼= Z/2Z.
Proof. Suppose that −1 6∈ N(L∗). Sine L and E are non-isomorphi quadrati
extensions, by lass eld theory we an hoose α ∈ N(E∗) suh that α /∈ N(L∗).
Thus α = x2 − ey2 for some x, y ∈ Q2. Sine α /∈ N(L∗), y 6= 0. If x = 0 then
−e /∈ N(L∗) =⇒ χ(0) = (1, 1) =⇒ A0(X)0 ∼= Z/2Z. Thus we assume that
x 6= 0. Now (
x
y
)2
− e = α
y2
/∈ N(L∗)
If
x
y
/∈ N(L∗) then x
y
∈ M and χ(x
y
) = (1, 1). Otherwise sine −1 /∈ N(L∗),
−x
y
∈ M and χ(−x
y
) = (1, 1).
Now suppose e 6∈ N(L∗). We may assume −1 ∈ N(L∗) sine otherwise we are
done by the above ase. Thus −e /∈ N(L∗). Hene χ(0) = (1, 1).
Now we prove the Theorem 1.3(2). The proof splits into two parts depending
upon the invariant s(L/Q2) of the eld extension. Sine L/Q2 is a ramied
quadrati extension, s(L/Q2) = 1 or 2, by Theorem 5.2. We want to show that
A0(X)0 ∼= Z/2Z, i.e., to show that there exists an element x ∈ M suh that
χ(x) = (1, 1) in eah of these ases.
Case s(L/K) = 1: It is lear that −1 ∈ U1\U2. Thus by Cor. 5.5(iii), −1 6∈
N(L∗). Thus A0(X)0 ∼= Z/2Z by Lemma 6.2.
Case s(L/K) = 2: We may assume that −1 and e belong to N(L∗), sine other-
wise we are done by Lemma 6.2.
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Case v(e) = 0:
Choose a uniformiser pi of Q2 whih does not belong to N(L
∗). Put x = pie. Sine
we have assumed that e ∈ N(L∗), we get x 6∈ N(L∗). Write x2− e = −e(1− pi2e).
Then 1 − pi2e ∈ U2\U3 and by Cor. 5.5(iii) we get 1 − pi2e /∈ N(L∗). Sine
−e ∈ N(L∗), x2 − e 6∈ N(L∗). Therefore x ∈ M and χ(x) = (1, 1).
Case v(e) = 1: Sine s(L/Q2) = 2, by remark 5.3 we know that v(d) = 1. In this
ase, by Lemma 4.2(i), at least one of the elements −1, e, 1 − e does not belong
to N(L∗). By our assumption, −1, e ∈ N(L∗). Thus −e ∈ N(L∗) and by Lemma
4.2(i), 1− e /∈ N(L∗).
Put x = eu where u is any unit whih is not in N(L∗). Thus x /∈ N(L∗). Then
x2 − e = −e(1 − eu2). Sine u2 ∈ U3, 1 − eu2 ≡ 1 − e(mod 8). This implies
that 1−eu2 /∈ N(L∗) and thus x2−e /∈ N(L∗). Therefore x ∈ M and χ(x) = (1, 1).
Case v(e) = 2:
Suppose x ∈ U2\U3. Then x 6∈ N(L∗) by Cor. 5.5(iii). Now, x2 ∈ U3 and v(e) = 2
implies that x2 − e ∈ U2\U3. Therefore x2 − e 6∈ N(L∗) by Cor. 5.5(iii). Thus,
χ(x) = (1, 1).
Case v(e) = 3: Choose an element x = 2u suh that x /∈ N(L∗). Then
x2− e = 4(u2− e/4). We have, u2− e/4 ≡ (1− e/4)(mod 8). Sine s(L/Q2) = 2,
by remark 5.3, we get that v(d) = 1. Thus by Lemma 4.2(ii), at least one of
the elements −1, e, (1 − e/4) does not belong to N(L∗). By our assumption,
−1, e ∈ N(L∗). Thus 1− e/4 /∈ N(L∗) whih implies that x2 − e /∈ N(L∗). There-
fore x ∈ M and χ(x) = (1, 1).
This ompletes the proof of the theorem 1.3.
7 The irreduible ubi ase
Let K be any nite extension of Qp. In this setion X will denote a smooth
projetive surfae K-birational to the surfae dened by the equation
y2 − dz2 = f(x)
where f(x) = x3 + ax2 + bx + c is an irreduible moni ubi polynomial with
oeients in K. In this setion we prove Theorem 1.4 whih says that A0(X)0 =
{0}. As mentioned in setion 1, d ∈ K∗2 implies that X is K-birational to P2 and
hene A0(X)0 = {0}. Thus we may assume d /∈ K∗2. Let α1, α2, α3 be the
roots of f(x) in an algebrai losure of K. Let Ei = K(αi) and L = K(
√
d).
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The method of omputation of A0(X)0
Let M = {x ∈ K|x3 + ax2 + bx + c ∈ NL/KL∗}. As in setion 2, results of [4℄
redue the problem of omputing the Chow group to the determination of the
image of M under the map,
χ : M→ E∗1/NLE1/E1(LE1∗)× E∗2/NLE2/E2(LE∗2)× E∗3/NLE3/E3(LE∗3)
x 7→ (x− α1, x− α2, x− α3)
Lemma 7.1. x− αi ∈ NLEi/Ei (LEi∗) if and only if x3 + ax2 + bx+ c ∈ NL/KL∗.
Proof. As in the proof of Lemma 2.1, lass eld theory implies that x − αi ∈
NLEi/Ei (LEi
∗) if and only if NEi/K(x − αi) ∈ NL/KL∗. Sine NEi/K(x − αi) =
x3 + ax2 + bx+ c the lemma follows.
Proof of 1.4. By denition of M, x ∈ M implies x3 + ax2 + bx + c ∈ NL/KL∗.
Therefore by Lemma 7.1 we get x − αi ∈ NLEi/Ei (LEi ∗) for i = 1, 2, 3. Thus
χ(x) = (0, 0, 0). Thus A0(X)0 ∼= {0}.
8 The Global Case
Let K be a number eld. Let X be any smooth projetive surfae K-birational to
the surfae given by the equation
y2 − dz2 = x(x2 − e)
where d /∈ K∗2. Let Kv be the ompletion of K at v and Xv = X×K Kv.
By the result of Bloh ([1℄, Theorem(0.4)), A0(Xv )0 = 0 for almost all plaes v of
K. We an also observe this diretly as follows. At almost all plaes of K, Kv(
√
d)
and Kv(
√
e) are unramied extensions of Kv. If d ∈ K∗v2, then we have already
seen in the setion 1 that A0(Xv)0 = 0. If e ∈ K∗v2 and v is not a plae lying
above the prime ideal (2) then,
√
e,−√e, 2√e are units. Thus by ([2℄, Prop. 4.7),
A0(Xv)0 = 0. If neither e, nor d is in K
∗
v
2
, then Kv(
√
d) and Kv(
√
e) are both
unramied quadrati extensions and thus isomorphi extensions of Kv. In this
ase, by Theorem 1.1 of this paper we get that A0(Xv)0 = 0.
Let us reall briey how the results of Colliot-Thélène, Sansu and Swinnerton-
Dyer ([5℄), Colliot-Thélène and Sansu [4℄ (see Salberger [13℄ for more general
statement valid for all oni bundles over P1K ), whih allow one to ompute
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A0(X)0 from the knowledge of A0(Xv)0. For eah plae v of K, we have a map
A0(X)0 → A0(Xv)0 and hene, a diagonal map
δ : A0(X)0 →
∏
v
A0(Xv)0.
As we have seen above, A0(Xv )0 = 0 for almost all plaes v, the target of δ is the
same as
⊕
v A0(Xv)0. The exatness of the following sequene is proved in ([6℄,
Se. 8)
0→X1(K, S)→ A0(X)0 δ→
⊕
v
A0(Xv)0 → Hom(H1(K, Sˆ),Q/Z)
in whih Sˆ = Pic(X), a free Z-module of nite rank with a Gal(K/K)-ation,
and S is the K-torus dual to Sˆ. The exatness of this sequene redues the
omputation of A0(X)0 to the loal problem of omputing A0(Xv)0.
Let us indiate how the results of this paper ontribute to the solution of this
loal problem, atleast when K = Q. Let X be a Chaˆtelet surfae as above. When
v is a nite plae of Q, A0(Xv)0 an be alulated using results of this paper when
x2− e remains irreduible and [8℄,[9℄ when x2− e splits into linear fators over v.
One now needs to do these alulations when v is the real plae of Q, i.e. Kv = R.
If x2 − e remains irreduible over R, then either L/R is a trivial extension or the
extensions L and E beome isomorphi. Thus in both these ases, A0(Xv)0 = {0}.
When x2 − e is reduible, we use results of [3℄ to alulate A0(Xv)0.
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